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Abstract 

A new symmetry-preserving loop regularization method proposed in [1] is 
further investigated. It is found that its prescription can be understood by 
introducing a regulating distribution function to the proper-time formalism 
of irreducible loop integrals. The method simulates in many interesting fea- 
tures to the momentum cutoff, Pauli-Villars and dimensional regularization. 
The loop regularization method is also simple and general for the practical 
calculations to higher loop graphs and can be applied to both underlying and 
effective quantum field theories including gauge, chiral, super symmetric and 
gravitational ones as the new method does not modify either the lagrangian 
formalism or the space-time dimension of original theory. The appearance 
of characteristic energy scale Mc and sliding energy scale offers a system- 
atic way for studying the renormalization-group evolution of gauge theories 
in the spirit of Wilson-Kadanoff and for exploring important effects of higher 
dimensional interaction terms in the infrared regime. 
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An important issue for making quantum field tfieories (QFTs) to be pfiysically mean- 
ingful is the elimination of ultraviolet (UV) divergences without spoiling symmetries of the 
original theory. This is because whether QFTs are underlying or effective theories, they must 
be finite theories for describing the real world. To avoid such difficulties, one may modify 
the behavior of field theory at very large momentum or even at very small momentum if 
there exist infrared (IR) divergences, so that all Feynman diagrams become well-defined 
quantities. Such a procedure is usually called regularization. There are numerous regular- 
ization schemes which are available for making theory finite. The most frequently adopted 
regularization schemes in perturbative calculations include the momentum cutoff [2] , Pauli- 
Villars procedure [3], Schwinger proper-time scheme [4], and dimensional regularization [5]. 
However, not all of the regularization schemes preserves all symmetries of the original the- 
ory. In particular, the construction of a regularization that respects to non-Abelian gauge 
symmetry has turned out to be a difficult task. The naive momentum cutoff is known to 
destroy not only the translational invariance but also the gauge invariance. Alternatively, a 
higher covariant derivative Pauli-Villars regularization was proposed [6] to regulate all the 
divergences and meanwhile respect to the gauge symmetry in non-Abelian gauge theories. 
Nevertheless, such a regularization must be carefully checked as it may lead to an inconsis- 
tent quantum chromo dynamics (QCD) [7]. The most popular gauge symmetry-preserving 
regularization is the dimensional regularization. While the method fails for the case in which 
the system under consideration is specific to the initial space-time dimension (e.g. 75 in four 
dimensions, chiral and supersymmetric theories ), and also for the case in which the scaling 
behavior becomes important. The well-known example for the later case is the derivation of 
gap equation in the gauged Nambu-Jona-Lasinio model. It was shown [8] that the dimen- 
sional regularization cannot lead to a correct gap equation. This is because the dimensional 
regularization destroys the quadratic 'cutoff' momentum term in the gap equation. For the 
same reason, it fails to calculate the chiral loop contributions which play an important role 
for understanding the A/ =1/2 rule and predicting direct CP violation e' je in the K ^ ttt: 
decays [9]. In this sense, no single satisfactory regularization can be applied to all purposes 
in QFTs. Nevertheless, this does not influence the enormous successful applications of QFTs 
in describing the real world. In fact, according to the Weinberg's folk theorem which states 
that [10,11]: any quantum theory that at sufficiently low energy and large distances looks 
Lorentz invariant and satisfies the cluster decomposition principle will also at sufficiently 
low energy look like a quantum field theory. This implies that there must exist in any case 
a characteristic energy scale (CES) which can be either a fundamental-like energy scale 
(such as the Planck scale Mp or the string scale Mg in string theory) or a dynamically 
generated energy scale (for instance, the chiral symmetry breaking scale A^ and the critical 
temperature for superconductivity), so that one can always make an QFT description at a 
sufficiently low energy scale in comparison with the CES Mc- On the other hand, basing on 
the spirit of renormalization group by Wilson-Kadanoff [12] and Gell-Mann-Low [13], one 
should be able to deal with physical phenomena at any interesting renormalization energy 
scale or the so-called sliding energy scale (SES) by integrating out the physics at higher 
energy scales. Therefore, the explicit regularization method is expected to be governed by 
a physically meaningful CES and a physically interesting SES /i^. From the above an- 
alyzes, there should be no doubt of existing a new symmetry-preserving and infinity-free 
regularization scheme which can be realized in the space-time dimension of original theory 
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without modifying the original lagrangian formahsm. This behef has recently been explored 
in detail by introducing the concept of irreducible loop integrals (ILls) [1]. In general, n- 
fold ILls that are evaluated from n-loop overlapping Feynman integrals of loop momenta /c, 
{i — 1, ■ • • , n) are defined as the loop integrals in which there are no longer the overlapping 
factors {ki — kj +PijY (^ ^ j) that appear in the original overlapping Feynman integrals. 

It has been shown in [1] that a set of regularization independent consistency conditions 
must be satisfied for regularized ILls to preserve gauge invariance of the original theory. 
A general symmetry-preserving new regularization prescription has been proposed to real- 
ize the consistency conditions. To present an alternative and independent verification, we 
shall demonstrate in this note that by applying the Schwinger proper-time formalism to 1- 
fold ILls the new regularization prescription can well be understood through constructing a 
regulating distribution function for the proper-time integration of the 1-fold ILls. As a con- 
sequence, the gauge invariant nature becomes manifest in such a new demonstration. This 
is because in the proper-time formalism the divergence in momentum integration transfers 
into the singularity of the proper-time variable r which is independent of gauge transforma- 
tion. Unlike the Pauli-Villars scheme, our regularization prescription is applied to the ILls 
of Feynman loop graphs rather than to the propagators as imposed in the Pauli-Villars pro- 
cedure. Also unlike the Pauli-Villars and dimensional regularization, the new regularization 
prescription do not modify either the lagrangian formalism or the space-time dimension of 
original theory^. To be distinguishable and convenient for further mention in the follow- 
ing discussions, we may call such a consistent and symmetry-preserving new regularization 
as a Loop Regularization (LR). The paper is organized as follows, we shall start from the 
consistency conditions and the general regularization prescription for 1-fold ILls of one-loop 
graphs, we then present a detailed description for the construction of a regulating distribu- 
tion function and show how it can reproduce the general regularization prescription proposed 
in [1] , we finally illustrate for completeness of demonstration how the consistency conditions 
and regularization prescription can straightforwardly be generalized to higher fold LILs of 
arbitrary loop graphs, and how a set of theorems can practically be used to construct general 
proofs of renormalizability in QFTs. In fact, the new symmetry-preserving LR method has 
been found to be practically very useful and reliable for deriving the chiral effective field 
theory and for describing the dynamically spontaneous symmetry breaking for low energy 
dynamics of QCD [15], where the light nonet scalar mesons have been shown to play the role 
of composite Higgs bosons and the resulting mass spectra for both scalar and pseudoscalar 
nonet mesons are consistent with the current experimental data. 

Let us begin with the one loop case. By adopting the Feynman parameter method, all 
the one loop integrals can be expressed in terms of the following 1-fold ILls [1] 



^It is noticed that a constrained differential renormalization [14] was also proposed with one of 
the motivations that the original lagrangian formalism and space-time dimension should not be 
modified. 
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J f d^k k^ky 

-2a J (A;2 - A^2)3+a 



J f d^k k^kykpkfj , , 

J-2a ^..pa - J (A;2 - A^2)4+a 

with a = —1, 0, 1, • ■ ■. Here a = —1 and a = correspond to the quadratically {I2, hnv-) 
and logarithmically (Jq, lofiu - ) divergent integrals. The mass factor Ai^ is in general a 
function of the Feynman parameters and external momenta pj. All the Feynman parameter 
integrations are omitted in the paper. 

The consistency conditions of gauge invariance for regularized 1-fold ILIs turn out to be 
in the four dimensional space-time [1] 

tR _ 1„ tR tR —\nn 

^2nu — 2"!"^ 2 ) -'2/ii/pCT ~ gyifn^ypo-} -'2 ) 

tR _ 1„ tR tR _ J_„ „ tR (n\ 

-^o/xv — ^yfii' -'0 ' ^otiupa- ~ 24 ^■f'^'"^'"^^ ^ ' 

with gi^uQpa} = g^ugpa + g,,pgya + g^aQpu- Where the superscript 'R' denotes the regularized 
ILIs. Once the above consistency conditions hold, the divergent structure of theories can 
be well characterized by two regularized scalar- type ILIs Iq and For underlying gauge 
theories, the regularized quadratic divergences are found to cancel each other under the 
consistency conditions. One only needs to consider the regularized logarithmic divergent 
ILIs Iq which can fully be absorbed into the redefinitions of coupling constants and relevant 
fields. Thus the consistency conditions enable one to establish a well-defined renormalizable 
and gauge invariant theories without introducing any specific regularization scheme. In this 
sense, we arrive at a regulator-free scheme for underlying quantum gauge field theories. 
Therefore the consistency conditions become the key criteria for constructing an explicit 
gauge symmetry-preserving regularization scheme. As a fact, one can easily show from a 
general Lorentz structure analysis that l2pu = ag^yh with a = l2p,ug^^ / {'ih) = 1/4, which 
does not match to the consistency conditions and will spoil gauge invariance. In contrast, 
when considering only the time component, i.e., I2 00 — (^gooh, as the integration over the 
component ko are convergent, one can perform the integration over /cq for both I2 00 and 
I2, which leads to a = 1/2 that coincides with the consistency conditions. We are then led 
to a general theorem that the convergent integrations can safely be carried out, only the 
divergent integrations destroy the gauge invariance. 

It is of interest to note that a more general regularization scheme that ensures the 
consistency conditions can truly be realized via a simple prescription [1], that is: in the 
four dimensional Euclidean space of momentum, replacing in the ILIs the loop integrating 
variable k"^ and the loop integrating measure / d'^k by the corresponding regularized ones 
[k% and J[d^k]i 



^ [k% = k^ + Mf , 

TV 

[ d^k^ [ [d% = lim V cf' / d'^k (3) 

J J N,M? ir^ J 



where M"^ (/ = 0, 1, ■ ■ ■) are the mass factors of regulators. One takes Mq = and = 1 
to maintain the original integrals. For IR divergent integrals, one can set Mq = //^ to avoid 
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it. The coefficients are chosen to modify the short- distance behavior of loop integrals 
and to remove the divergences via the following conditions 



TV 



limEcr(Mfr = (n = 0,l,---) (4) 
where limjy^M^ = ^^t^n,m^^oo- Thus all regularized high order integrals vanish, i.e., 

j[d^k]i {e + Mff = 0. ' ' 

As an exphcit and simple solution of eq.(4), it is not difficult to find the following 
interesting solution 

Mf = „l + lMl cf = (-!)' (5) 

Here Mr is an arbitrary mass scale. With the above solution, the regularized ILls Iq and 
I2 get exphcit forms [1] 

= { - - T» + 1 + V.(^) 1 } 

with iji"^ ^ 1^1 + M^, lw^lE = 0.5772 • • •, and 

yo{x) = / da , yi{x) = 

Jo a X 

y2{x) = yo{x) - 2/1 (x), = lim M^/ InTV (7) 

One can compare the above results with the ones in the momentum cutoff and dimensional 
regularization. It is easily seen that /ig sets an IR 'cutoff' at M"^ — and Mc provides an 
UV 'cutoff'. More generally speaking, Mc and fis play the role of CES and SES respectively. 
As such a new symmetry-preserving LR method maintains the quadratic 'cutoff' term M^, 
which makes it analogous to the momentum cutoff and can be applied to effective QFTs. 
Meanwhile, it preserves the symmetry principles as the dimensional regularization does. Of 
particular, the divergent behaviors of the original theory are recovered by simply taking 
Mf. 00. For underlying renormalizablc gauge theories, all the divergences at Mc 00 
can be absorbed into the renormalization of coupling constants and quantum fields. Before 
proceeding, we want to point out that the prescription eq.(3) formally appears to be similar 
to the one in Pauli-Villars procedure, but they are conceptually quite different. This is 
because the prescription here is applied to the ILIs of Feynman loop graphs rather than to 
the propagators in the original Pauli-Villars procedure which is known to spoil the gauge 
invariance (especially in non-Abelian gauge theory). In addition, it is unlike the Pauli-Villars 
scheme in which the original Lagrangian formalism is considered to be modified with the 
introduction of nonphysical fields, and also unlike the dimensional regularization in which the 
space-time dimension of original theory has been changed by an analytic continuation, while 
in the new symmetry-preserving LR method, both the Lagrangian formalism and space-time 
dimension of original theory are unchanged, only the divergent behavior has been modified 
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so that it becomes well-defined in the new LR method. Furthermore, as shown in the new 
LR method, only when taking the regulator number N to be infinitely large, the resulting 
regularized theory can become regulator-independent. 

We now turn to the main issue in this paper that how the above regularization prescrip- 
tion can be understood by constructing a regulating distribution function. For demonstra- 
tion, applying the Schwinger proper-time formalism to the scalar type ILIs which are rotated 
into the Euclidean momentum space 



where the identity a~"r(n) = dx x"~^e~"^ has been used. For illustration, consider 
the divergent ILIs Iq. By exchanging the order of integrations for the momentum k and 
the 'proper-time' variable r, and carrying out safely the integration over A; as it becomes 
convergent 



one sees that the UV divergence for the momentum integration transfers into the singularity 
for the proper-time integration at r = 0. At Ai'^ = 0, the IR divergence for the momentum 
integration also transfers into the singularity for the proper-time integration at r = oo. 
Therefore in the proper-time formalism, any possible divergence originating from momentum 
integration will be turned into the singularity in r. Thus instead of making a regularization 
on the momentum integration, one can choose the regularization procedure operating on 
the proper-time integration of ILIs by multiplying a R°° regulating distribution function 
VVAf(r; Mc, yUs). Here Mc and /Js arc two scales which play the role of UV and IR cutoff 
scales respectively. In general, the regulating distribution function Wn{t; Mc, Hs) must 
satisfy four conditions: 

(i) WAr(T = 0; Mc, Hs) = so as to ehminate the singularity at r = which corresponds 
to the UV divergence for the momentum integration. 

(ii) Wn{t = oo; M^fig = 0) = 1 for ensuring the regulating distribution function not to 
modify the behavior of original theory in the IR regime. 

(iii) Wn{t;Mc — oo, /i^ = 0) = 1 which ensures the proper-time formalism to recover 
the original ILIs in the physical limits. 

(iv) lim^^oo Wjv(r; M,,^, = 0) = 1 for r > l/M^ and limjv-.oo Wiv(T; M^, = 0) = 
for r < so that M^. acts as the UV cutoff scale. 

The regularized proper-time formalism for ILIs is defined by 






(!>) 




r{a + 2) N^oo 



I 



d^k 




(10) 



The simple choice for the function Wn{t; Mc, /ig) is 
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>VAr(T; Me, = e-^^" (l - e-^^^) (11) 

which satisfies the required four conditions for M|. = M'^hw{N) IniV with hy,{N) ^ 1 and 
hw{N —>■ oo) = 1. Rewriting WAr(T; Mg, /Xg) into the following form 

^ A/"l 

W^(r;M„/.,) = B-l) ^^,^),^, e-^^'^^^'^^) (12) 

and substituting it into eq.(lO), we then obtain, by integrating over r, the following inter- 
esting result 

tR ^ lip. / V ^(~^)" 

- l)a / [^'^]' 1 (13) 

"'^ M (27r)4 ([F],+A^2)a+2 

which exactly reproduces the prescription described in eqs.(3-5) for the new symmetry- 
preserving LR method. In here the gauge invariant nature is manifest as in the proper-time 
formalism the divergence in momentum integration transfers into the singularity of the 
proper-time variable r which is independent of gauge transformation. 

We now briefly discuss the case with more closed loops. Though the proper-time scheme 
of 1-fold ILls with a simple regulating distribution function can exactly reproduce the pre- 
scription described in eqs.(3-5) for 1-fold ILls, while it will be seen that when applying the 
regularization method to more closed loops, the generalization of the prescription described 
in eqs.(3-5) and reproduced by the regulating distribution function in the proper-time for- 
malism of 1-fold ILls (see eq.(13)) becomes much more manifest and straightforward than 
the generalization of the proper-time scheme in which one needs first adopt a proper-time 
formalism to higher fold ILls and then construct a regulating distribution function for the 
proper-time integration of the higher fold ILls. As it has been shown in [1] that any loop 
integrals can be evaluated into the corresponding ILls by repeatedly using the Feynman 
parameter method and the UV-divergence preserving parameter method 



roo U 

Jo ^"bTM^ ^'^^ 



a'^hP r(a)r(/5) Jo [a + baY+^ 

Here u is the UV-divergence preserving integral variable. As a consequence, the UV di- 
vergence for the momentum integration transfers into the one for u integration. Explicitly, 
n-fold ILls are found to have the following general form after safely performing (n-1) con- 
vergent integrations over the momentum /cj (i = 1, • • • , n — 1), 

n— 1 TP ( rf. \ 

4»' = ni <»..j^f^,ifsA) (15) 

T-H _ TT ^i^^^lrn) .(1) , 2) 

^^^^ - U Jo ' iu, + ft)^'» ^A„M.(/^n) 



i=l 

with 
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t(1) /' 2\ f jAi. knpjkfiv 



Here we have only presented the lowest order tensor-type ILIs, its generalization to higher 
order tensor-type ILIs is straightforward. Where Ui {i = 1, ■ ■ - n — 1) are the UV-divergence 
preserving integral variables and {I-iTyi = 1,2, • • •) the usual Feynman parameters. For 
a given overlapping Feynman loop integral, Fig{xim) are the known functions of Feynman 
parameters, Aj^ and A„ are the known powers, pi and /i^ are also the known functions of 
Ui and xira with the property: pi = pi = pi{xim, {i = 2, ■■•n - 1, 

I = 1,- ■ - i) and p^ = p^{xim-i Ui, - ■ ■ It is remarkable to observe that the functions 

Pi and pI^ have a vanishing limit at the divergent points, namely 

Pi^O, pI^O for ui,---, Un-i oo (17) 

From this important feature and the general form of the n-fold ILIs, we can verify [1] 

that in the resulting n-fold ILIs the integral over the n-th loop momentum kn describes the 
overall divergent property of n-loop diagrams and the sub-integrals over the variables Ui {i = 
1, 2, • • • , n—1) characterize the UV divergent properties for the one-loop, two-loop, • • •, (n-1)- 
loop sub-diagrams respectively. With these observations, we arrive at a key theorem that in 
the Feynman loop integrals the overlapping divergences which contain overall divergences and 
also divergences of sub-integrals will become factorizable in the corresponding ILIs. Based on 
all the features, we are led to a main theorem that all the overlapping divergent integrals 
can be made to be harmless via appropriate subtractions. From the tensor-type n-fold ILIs, 
one notices that the tensor structure is actually characterized by the overall 1-fold ILIs 
-^A^ ixvil^V) 1 ^^^^ consistency conditions for one loops can straightforwardly be generahzed 
to any fold ILIs of arbitrary loops. In fact, we can deduce a more general statement or 
theorem that the consistency conditions between the tensor and scalar type overall 1-fold 
ILIs are necessary and sufficient for ensuring the gauge invariance of gauge theories . 

The generalization of the regularization prescription in eqs.(3-5) to any higher fold ILIs 
becomes straightforward, that is [1]: universally replace in the n-fold ILIs the n-th loop 
momentum square A;^ and the corresponding loop integrating measure / d'^kn as well as the 
UV-divergence preserving integral variables Ui {i = l,---,n — 1) and the corresponding 
integrating measure / dui by the regularizing ones [k^]i and Jld'^knli as well as [ui]i and 
J[dui]i with n being arbitrary. Explicitly, one has 

kl^[kl]i^kl + M^ = kl + pl + lMl, 

N 

I d'kn ^ / [d'kr,]l = lim 5: Cf^ / d'kn 

m [ui]i = Ui + Mf/pl - + 1 + imI/pI 

N 

j dui^ j [dui\i = ^irn^^cf J dui (18) 

which, together with the solution of cf in eq.(5), present the whole regularization prescrip- 
tion for the new symmetry-preserving LR method. 
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It becomes clear that to regularize higher fold ILIs of more closed loops, the generalization 
of the regularization prescription presented in eqs.(3-5) and reproduced by the regulating 
distribution function in eq.(13) is much more straightforward than the generalization of 
proper-time scheme. This is because the first step of expressing higher fold ILIs into proper- 
time formahsm is no longer as manifest as the one for the case of 1-fold ILIs due to the 
overlapping integrals. 

For completeness, we illustrate in a more concise way how the new symmetry-preserving 
LR method is practically a useful means to handle overlapping divergences. A more detailed 
verification has been described in [1]. As a simple example, we represent here an explicit 
treatment to two-loop overlapping divergences. For comparison, the demonstration is made 
along the line in analogous to the dimensional regularization [5] . As shown in [5] , the scalar 
type loop integrals in the general two loop diagrams can always been expressed into the 
following overlapping integrals by using the Feynman parameter method 



7-(2) 
-'a/37 



= / d^ki I d^k2 (19) 



which is the so-called general aP^ diagrams with a, /3, 7 > 0. The mass factors A4f, Ml 
and A1^2 in general the functions of masses mf and external momenta pf (i = 1, 2, • • •). 
Following the definitions in the ref. [5]: (i) the sub- integral over ki is said to be convergent 
or divergent according toa + 7>2or« + 7<2, similarly, the sub-integral over k2 is said 
to be convergent or divergent according to/3-|-7>2or/5 + 7<2; (ii) the overall integral of 
Q!/37 diagram is said to be overall convergent or overall divergent according toa + l3 + j>4: 
or a + P + ^ < A; (iii) a harmless divergence is a divergence with its coefficient functions 
a polynomial of finite order in the external momenta. In the gauge theories, the overall 
divergence of a nontrivial overlapping integral is at most quadratic, thus a + (3 + '~f > 3. 

Repeatedly adopting the Feynman parameter method and the UV-divergence preserving 
method, we can arrive at the corresponding ILIs for the general a/37 diagrams 

lap, = ^afS, I dx X^-\l - xr-' + x{l - x)Y+^+^-^ ^^^^^^^^'^ 

I^M) - 1 d'k^^^-^-j^r^-j^ryr^ (20) 

where we have introduced the definitions 
r(a + /3 + 7-2) 



a/37 



r(a)r(/3)r(7) 



(21) 



^^l ^ y^lM = -—^ ^ iM\x,p') - p' ] (22) 

u + x[l — x) \ u + x[l — x) ) 

M\x,p^) = (1 - x)Ml + XMI2 - x{l - x){ Ml-p") (23) 

As the external momentum dependence in the two-fold ILIs only appears in the mass factor 
Adl+nl of the overall one- fold ILI lap'yilA)^ the sub-integral over the variable u preserves 
one-loop UV divergent structure over the loop momentum ki, one only needs to introduce 
one subtraction term of the sub-integral over the loop momentum ki 



9 



= / d'h ,,^, , / d'k, _ , (24) 



where the superscript 5" denotes the subtraction term. As the feature: //| — > at u — > oo, 
the difference of the integrals, i.e., ( 1^^^ — 1^^^ ), contains only harmless divergences. 

To be more clear, applying the general prescription of new symmetry-preserving LR 
regularization to the ILIs, we then obtain the well-defined regularized two-fold ILIs 



lap, iM) -J[d ^2]' ([A;i], + All + )"+/^+7-2 (25) 
and the corresponding regularized subtraction term 

According to the factorization and subtraction theorems for the overlapping divergences 
as well as the harmless divergence theorem, we shall be able to express the regularized ILIs 
into the following general form 

j-{2)R _ j-(l)RD j{l)RD j{l)RC j{l)RD j(2)RC /rjyx 
-'a/37 ~ 0:7 -'a^7 -'a7 -'a;97 -'a/37 ^ > 

where the superscripts ^RD^ and 'it!C" represent the regularized divergent and convergent 
ILIs respectively, and the numbers (1) and (2) in the superscripts label the one-fold and two- 
fold ILIs respectively. We shall show that the first term with double divergences is harmless 
after an appropriate subtraction. As the regularized ILIs are well behaved, we are able to 
check the validity of the above decomposition by exphcitly carrying out the integrations. To 
be more explicit, we consider two cases: (i) a-\- (3 -\-^ — A with a-\-^ — 2 and (3 — 2. Prom 
the usual power counting rule, the overall integral in this case is logarithmically divergent 
(a -|- /9 -|- 7 = 4) and the sub-integral over ki is also logarithmically divergent (a + 7 = 2); 
(ii) a + j3 + '^ = 3 with q;-|-7 = 2 and j3 = 1. In this case, the overall integral is quadratically 
divergent, while sub-integrals over ki (q;7) and k2 {Pj) are logarithmically divergent. 
After performing some integrations over u and k, we find for the case (i) and (ii) that 

42)^ = jil)RDjil)RD ^ jil)RCjil)RD ^ j(2)RC ^28) 
j{2)R ^ l{l)RDj{l)RD l{l)RCj{l)RD j{2)RC /2gX 



with 



i^^^n' rf^[ln^-7^ + ^o(^)] (30) 
Jo ui 



t2 ,,2 



,„^_^„ + ,„(^)] (31) 

j{i)RC 2 , x{l-x) r \] roo\ 
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u\i 



( [v]i + X{1 - X) )2 

[ ln( 1 + ) - zoiifilji) ] (33) 



where 



7f = { M,^ - [ In ^ - 7. + 1 + ^/^(f^) ]} (34) 

4^^^^ = --^ /' dx j [du], . . ^ fj\ , , (35) 

JO J ( [u\i + x[l - x) ) 

Jo J ( [u\i + x{l - X) ) 

[ ln( 1 + ) - z^iii^lh) ] (36) 



//^ = (1 + X - x')//f , piM^pti + Mi (37) 
^o([/.^]0=l/o(^^^^^)-|/o(^) (38) 



C 



2 r 21 2 
^2([/i2]0 = l/2( ^^^5 ) - y2{j^) (39) 

The regularized subtraction term for the two cases can simply be written as 

Jims ^jiDRD^^^^jiDRD 

with nio being the chosen subtraction point. Thus the differences 

ji2)R _ j(2)RS ^ ^jiDRC ^ jiDRC^ j(l)RD ^ ji2)RC ^^^^ 
ji2)R _ ji2)RS ^ l^jiDRC ^ jil)Rc{^ jil)RD ^ ji2)RC ^^g^ 



contain only harmless divergencies at Mc oo. Here Iq^^^^ is the additional convergent 
function arising from the subtraction 

The above explicit calculations demonstrate a practical application of the new symmetry- 
preserving LR method in treating the overlapping divergencies. Such prescriptions can 
straightforwardly be generalized to more closed loops. 

In conclusion, we have consistently demonstrated how the new symmetry-preserving LR 
method [1] of QFTs can be understood by constructing a regulating distribution function 
in the proper-time formalism of ILIs. An explicit regulating distribution function has been 
obtained to reproduce the general regularization prescription proposed in [1], which provides 
an alternative verification and an independent check for the new symmetry-preserving LR 
method. The advantages of the new symmetry-preserving LR method become manifest that 
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its generalization to higher fold ILIs of more closed loops is straightforward and its applica- 
tion for the practical calculations is simple and general. Of particular, the presence of two 
energy scales and fig allows us to study the renormalization-group evolution of gauge 
theories in the spirit of Wilson-Kadanoff scheme and to explore important effects of higher 
dimensional new interaction terms characterized by the inverse powers of ^g- Furthermore, 
the new symmetry-preserving LR method appears to provide deep insights for dynamically 
spontaneous symmetry breaking of strong interactions and mass generation, and lead to pro- 
found applications for QFTs including gauge, chiral, supersymmetric and gravitational ones, 
and also for QFTs beyond four dimensional space-time (or with extra dimensions). This 
is because the new symmetry-preserving LR method is simply realized without modifying 
the original Lagrangian formalism and is directly performed in the space-time dimension of 
original theory. A more detailed study and application of the symmetry-preserving new LR 
method is further in progress. 
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